Published by Institute of Physics Publishing for SISSA/ISAS Received: January 12, 2004 Revised: February 18, 2004 Accepted: March 11, 2004

New nonrenormalization theorems for anomalous three point functions

Marc Knecht, Michel Perrottet and Eduardo de Rafael

Centre de Physique Théorique, CNRS-Luminy, Case 907 F-13288 Marseille Cedex 9, France E-mail: knecht@cpt.univ-mrs.fr, perrottet@cpt.univ-mrs.fr,

eder@cpt.univ-mrs.fr

Santiago Peris

Grup de Física Teòrica and IFAE, Universitat Autònoma de Barcelona 08193 Barcelona, Spain E-mail: peris@ifae.es

Abstract: Nonrenormalization theorems involving the transverse, i.e. non anomalous, part of the ⟨V V A⟩ correlator in perturbative QCD are proven. Some of the consequences and questions they raise are discussed.

Keywords: Nonperturbative Effects, Spontaneous Symmetry Breaking, Anomalies in Field and String Theories, QCD.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep032004035 /jhep032004035 .pdf

Contents

1. Introduction 1

2. Non renormalization theorems for ⟨V V A⟩ 3

3. The function w_L(Q^2) − 2w_T (Q^2) in full QCD 8

A. Perturbative proof of the nonrenormalization theorems 11

B. The function Ω_{μνρ} in the one-family standard model 13

1. Introduction

Since their discovery more than thirty years ago [1, 2], anomalous Ward identities for three point functions involving vector and axial currents have been studied quite extensively and from various points of view [3] (see also refs. [4] and [5]). In QCD with three massless flavours, these anomalous contributions appear in the Green’s functions involving the conserved Noether currents of the global SU(3)_L × SU(3)_R chiral symmetry. Most remarkable in this context is the property that the expression of these anomalous contributions is protected from perturbative QCD corrections, so that it takes the same form as in a theory of free quarks [6, 7, 8, 9]. Strictly speaking, no similar statement is available at the nonperturbative level. However, the argument of ref. [10] requires that, in an appropriate normalization, the coefficient of the anomaly be an integer, N_C in the case of QCD. This makes it very likely that the anomaly is also preserved after non perturbative corrections. Assuming that QCD confines, and that confinement does indeed not modify the coefficient of the anomaly, then entails that the SU(3)_L × SU(3)_R chiral symmetry of QCD is necessarily spontaneously broken towards its diagonal SU(3)_V subgroup [11, 12, 13].

These properties are well established and concern the longitudinal part of the corresponding Green’s functions, which is thus completely fixed by the Adler-Bell-Jackiw anomaly. The transverse parts however are not affected, and satisfy the naive Ward identities. Therefore, the new result that perturbative QCD corrections to the free quark contribution are also absent in the transverse part of the ⟨V V A⟩ three-point function came as rather unexpected [14, 15]. Although this was obtained only in a very specific kinematical limit, as we shall see later on, it is also true even in a more general setting.

The interest in this QCD correlator stems from the fact that it appears in the determination of the hadronic contribution to a class of two loop weak corrections to the anomalous magnetic moment of the muon. As has been first emphasized in ref. [16], the contribution from the light u, d and s quarks to the transverse part of the ⟨V V A⟩ triangle involves properties of QCD of a nonperturbative nature. A detailed evaluation, within the framework of

– 1 – large-N_c QCD, has been published in ref. [17]. However, a recent reanalysis by the authors of ref. [15] finds also a perturbative contribution to this transverse part, which originates in a discrepancy between the treatment of the Operator Product Expansion done in [17] and the one in [15]. Although this discrepancy results in a numerical effect which is too small to influence the present comparison between theory and experiment in the muon g − 2, the underlying theoretical issues involved in this discrepancy are of theoretical interest and, therefore, deserve special attention.

Let us consider the theorem on the non-renormalization of the transverse parts of the ⟨V V A⟩ Green’s function discovered in [14]. Actually, what we shall find is that there is a whole class of theorems, of which the one considered in ref. [14] represents a special case. We shall also provide an explanation as to the origin and interpretation of these results. Before proceeding, let us recall a few useful facts concerning anomalous Ward Identities (see also the discussion in ref. [18]).

The Ward identities describing the invariance properties of massless QCD under the transformations of the global SU(3)_L × SU(3)_R chiral symmetry group are most conveniently obtained upon considering the transformation properties of the generating functional Z[v, a], defined as e^{iZ[v,a]} = ∫ D[G]D[ψ, ψ]e^i ∫ d^4xLQCD(v,a) = ∫ D[G]e^i ∫ d^4xL_{Y M} det D , (1.1)

with D = γ^μ(∂_μ − iG_μ − iv_μ − iγ_5a_μ) the Dirac operator in presence of the external vector and axial sources for the SU(3) flavour currents,^1 and in the presence of the gluon field configuration G_μ. The determinant of the Dirac operator that appears, after integration over the quark fields, in the second expression for Z[v, a] needs to be regularized. The ζ-function technique^2 offers a convenient regularization,

ln det_μ D = − 1 2 d ds μ^{2s} Γ(s) ∫_∞ 0 dλ λ^{s−1} Tr e^{−λD2} | | |_{s=0} , (1.2)

with D = γ_5D. Other regularizations of the functional determinant, det D, may be considered. They differ from the previous one by a local functional of the sources of dimension less than or equal to four,

ln det_F D = ln det_μ D − ∫ d^4x F (v, a) . (1.3)

Equivalently, these changes of the regularization may be considered as modifications, by local counterterms, of the chronological products of the SU(3)_L × SU(3)_R currents. Two

1We restrict ourselves to nonsinglet flavour currents, i.e. the sources vμ and aμ are singlets in colour space and traceless matrices in flavour space.

2In order to apply this type of regularization, one first has to perform a rotation to euclidean space. We assume that this has been done, but we give the resulting expressions after having rotated back to Minkowski space.

– 2 – particular definitions of the fermion determinant are of interest. The first one, ln det_{AB} D, reproduces the Adler-Bardeen form of the anomaly [21] and corresponds to the choice F_{AB} (v, a) = −i N_C 12π^2 tr_f { 1 2 ∇_μa_ν ∇^μa^ν − 3iv^{αβ} a_αa_β − a_αa_βa^αa^β + 2a_αa^αa_βa^β } . (1.4)

The second definition reproduces a factorized or left-right symmetric form of the anomaly [21], ln det_{LR} D, and corresponds to the choice F_{LR}(v, a) = F_{AB} (v, a) − N_C 24π^2 ϵ^{αβμν} tr_f { iv_{μν} {v_α, a_β } − a_αa_βa_μv_ν − v_αv_βv_μa_ν } . (1.5)

Naively, one would expect Z[v, a] to be invariant, Z[v, a] = Z[v + δv, a + δa], under the following variations of the sources δv_μ = ∂_μα + i[α, v_μ] + i[β, a_μ] δa_μ = ∂_μβ + i[α, a_μ] + i[β, v_μ] , (1.6)

where the Lie algebra valued functions α(x) = α^a(x)λ^a/2 and β(x) = β^a(x)λ^a/2 correspond to infinitesimal vector and axial transformations, respectively. Indeed, this specific variation of the sources can in principle be compensated by a change of variables in the quark fields corresponding to a local SU(3)_L × SU(3)_R gauge transformation. However, the functional measure of integration D[ψ, ψ] over the quark fields is not invariant [19, 20] under such a change of variables. Instead, there appears a non trivial jacobian, which leads to δ ln det_{AB} D = −i N_C (4π)^2 ∫ d^4x tr_f (βΩ) , (1.7)

with Ω = ϵ^{αβμν} [ v_{αβ}v_{μν} + 4 3 ∇_αa_β∇_μa_ν + 2i 3 {v_{αβ} , a_μa_ν } + 8i 3 a_μv_{αβ}a_ν + 4 3 a_αa_β a_μa_ν ] , (1.8) and δ ln det_{LR} D = −i N_C (4π)^2 ∫ d^4x tr_f [(α + β)A(F^R) + (α − β)A(F^L)] , (1.9)

where F^R_μ = (v + a)_μ, F^L_μ = (v − a)_μ, and

A(F ) = 1 3 ϵ^{αβμν} [ 2∂_αF_β ∂_μF_ν − i∂_α(F_β F_μF_ν ) ] . (1.10)

2. Non renormalization theorems for ⟨V V A⟩

Let us now consider, for a, b, c = 3, 8, the QCD three point functions W^{abc}_{μνρ}(q_1, q_2) = i ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)} × ⟨ 0 | T{V^a_μ (x_1)V^b_ν (x_2)A^c_ρ(0)} | 0 ⟩ ≡ 1 2 d^{abc} W_{μνρ}(q_1, q_2) , (2.1)

– 3 – of the colour singlet light flavour currents V^a_μ = ψγ_μ λ^a 2 ψ , A^a_μ = ψγ_μγ_5 λ^a 2 ψ , ψ = u d s . (2.2)

Taking q_1 or q_2 to be the small momentum going through an external electromagnetic field, this Green’s function appears in the hadronic electroweak contributions to the muon g − 2 at the two-loop level [17, 15]. To be more precise, in the muon g − 2 there is also the contribution from the flavour singlet component of the Z boson, but we have not included this flavour singlet in the definition of the Green’s function (2.1) in an attempt to simplify the discussion which will follow and because it does not play any crucial role.

Besides W_{μνρ} in eq. (2.1), we shall also need

Ω^{abc}_{μνρ}(q_1, q_2) = i ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)} × ⟨ 0 | T{L^a_μ(x_1)V^b_ν (x_2)R^c_ρ(0)} | 0 ⟩ ≡ 1 2 d^{abc} Ω_{μνρ}(q_1, q_2) , (2.3)

with L^a_μ = ψ_Lγ_μ λ^a 2 ψ_L , R^a_μ = ψ_Rγ_μ λ^a 2 ψ_R , ψ_{L,R} = 1 2 (1 ∓ γ_5)ψ . (2.4)

The two Green’s functions W_{μνρ} and Ω_{μνρ} are actually related. Use of charge-conju-gation invariance allows one to do away with the combinations ⟨V V V ⟩ and ⟨V AA⟩ in the function Ω_{μνρ} and obtain that, in fact,

Ω_{μνρ}(q_1, q_2) = 1 4 [ W_{μνρ}(q_1, q_2) − W_{ρνμ}(−q_1 − q_2, q_2) ] . (2.5)

In the above definitions, the time ordering corresponds to the definition of the chronological product T which preserves the conservation of the vector currents, i.e. to the prescription det_{AB} D. If instead we wish to use the prescription det_{LR} D, the corresponding chronological product will be denoted by ^T. For instance,

^Ω^{abc}_{μνρ}(q_1, q_2) = i ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)} × ⟨ 0 | ^T{L^a_μ(x_1)V^b_ν (x_2)R^c_ρ(0)} | 0 ⟩ ≡ 1 2 d^{abc} ^Ω_{μνρ}(q_1, q_2) , (2.6) and ^W^{abc}_{μνρ}(q_1, q_2) = i ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)} × ⟨ 0 | ^T{V^a_μ (x_1)V^b_ν (x_2)A^c_ρ(0)} | 0 ⟩ ≡ 1 2 d^{abc} ^W_{μνρ}(q_1, q_2) . (2.7)

The relation between ^Ω_{μνρ} and ^W_{μνρ} is the same as the one between Ω_{μνρ} and W_{μνρ}.

Furthermore,

W^{abc}_{μνρ}(q_1, q_2) = ^W^{abc}_{μνρ}(q_1, q_2) + + i ∫ d^4x_1d^4x_2d^4z e^{i(q1·x1+q2·x2)} 1 i^3 δ^3[F_{LR}(v, a) − F_{AB} (v, a)](z) δv^{aμ}(x_1)δv^{bν} (x_2)δa^{cρ}(0) | | |_{v=a=0} ,

– 4 – which gives W_{μνρ}(q_1, q_2) = ^W_{μνρ}(q_1, q_2) + N_C 12π^2 ϵ_{μνρα}(q_1 − q_2)^α , (2.8)

whereas Ω_{μνρ}(q_1, q_2) = ^Ω_{μνρ}(q_1, q_2) − N_C 16π^2 ϵ_{μνρτ} q^τ_2 . (2.9)

The Ward identities satisfied by these correlators read (we work in the chiral limit),

{q^μ_1 ; q^ν_2 } W_{μνρ}(q_1, q_2) = {0 ; 0}

(q_1 + q_2)^ρ W_{μνρ}(q_1, q_2) = − N_C 4π^2 ϵ_{μνστ} q^σ_1 q^τ_2 , (2.10)

q^μ_1 Ω_{μνρ}(q_1, q_2) = − N_C 16π^2 ϵ_{μνρτ} q^μ_1 q^τ_2 q^ν_2 Ω_{μνρ}(q_1, q_2) = 0

(q_1 + q_2)^ρ Ω_{μνρ}(q_1, q_2) = − N_C 16π^2 ϵ_{μνστ} q^σ_1 q^τ_2 , (2.11)

whereas {q^μ_1 ; q^ν_2 ; (q_1 + q_2)^ρ} ^Ω_{μνρ}(q_1, q_2) = {0 ; 0 ; 0} . (2.12)

Let us now discuss the transformation properties of these various quantities under the action of the SU(3)_L × SU(3)_R flavour group. The ordinary product L^a(x)V^b(y)R^c(0) transforms under the representation (8_L ⊗ 8_L, 8_R) ⊕ (8_L , 8_R ⊗ 8_R), which does not project onto the singlet representation (1_L, 1_R). The same property is still true for the canonical chronological product of these currents, defined with the help of the step function in the time variables. However, this does not lead to a covariant time ordering. On the other hand, a covariant chronological product is likely to introduce SU(3)_L × SU(3)_R invariant contributions. This is precisely not the case for the chronological product ^T, which rests on the prescription det_{LR} for the fermionic determinant. Indeed, with this choice of time ordering, the three point function ^Ω_{μνρ}(q_1, q_2) satisfies the naive Ward identities. Anomalous contributions then occur only in the Ward identities for the three or four point functions involving only left currents or only right currents. Therefore, ^T{L^a(x)V^b(y)R^c(0)} has the same transformation properties as the ordinary product, and thus ^Ω_{μνρ}(q_1, q_2) is an order parameter of the SU(3)_L × SU(3)_R chiral symmetry, which means that it does not receive perturbative QCD corrections at any order, i.e.

^Ω_{μνρ}(q_1, q_2)|_{pQCD} = 0 . (2.13)

The Ward identities restrict the general decomposition of W_{μνρ}(q_1, q_2) into invariant functions to four terms

W_{μνρ}(q_1, q_2) = − 1 8π^2 { −w_L ( q^2_1, q^2 , (q_1 + q_2)^2 ) (q_1 + q_2)_ρ ϵ_{μναβ} q^α_1 q^β_2 +

+ w^{(+)}_T ( q^2_1, q^2 , (q_1 + q_2)^2 ) t^{(+)}_{μνρ}(q_1, q_2) + + w^{(−)}_T ( q^2_1, q^2 , (q_1 + q_2)^2 ) t^{(−)}_{μνρ}(q_1, q_2) + + ~w^{(−)}_T ( q^2_1, q^2 , (q_1 + q_2)^2 ) ~t^{(−)}_{μνρ}(q_1, q_2) } , (2.14)

– 5 – with the transverse tensors

t^{(+)}_{μνρ}(q_1, q_2) = q_{1ν} ϵ_{μραβ} q^α_1 q^β_2 − q_{2μ}ϵ_{νραβ}q^α_1 q^β_2 − (q_1 · q_2)ϵ_{μνρα}(q_1 − q_2)^α + + q^2_1 + q^2 − (q_1 + q_2)^2 (q_1 + q_2)^2 ϵ_{μναβ} q^α_1 q^β_2 (q_1 + q_2)_ρ ,

t^{(−)}_{μνρ}(q_1, q_2) = [ (q_1 − q_2)_ρ − q^2_1 − q^2 (q_1 + q_2)^2

(q_1 + q_2)_ρ ] ϵ_{μναβ} q^α_1 q^β_2 ~t^{(−)}_{μνρ}(q_1, q_2) = q_{1ν} ϵ_{μραβ} q^α_1 q^β_2 + q_{2μ}ϵ_{νραβ} q^α_1 q^β_2 − (q_1 · q_2)ϵ_{μνρα} (q_1 + q_2)^α . (2.15)

Bose symmetry entails

w^{(+)}_T ( q^2, q^2_1 , (q_1 + q_2)^2 ) = +w^{(+)}_T ( q^2_1 , q^2, (q_1 + q_2)^2 ) w^{(−)}_T ( q^2, q^2_1 , (q_1 + q_2)^2 ) = −w^{(−)}_T ( q^2_1 , q^2, (q_1 + q_2)^2 ) ~w^{(−)}_T ( q^2, q^2_1 , (q_1 + q_2)^2 ) = − ~w^{(−)}_T ( q^2_1 , q^2, (q_1 + q_2)^2 ) . (2.16)

In addition, the longitudinal part is entirely fixed by the anomaly, w_L ( q^2_1 , q^2, (q_1 + q_2)^2 ) = − 2N_C (q_1 + q_2)^2

. (2.17)

A straightforward computation then leads to

^Ω_{μνρ}(q_1, q_2) = − 1 32π^2 { −ϵ_{μνρα} q^α_2 [ q^2_1 w_L ( (q_1 + q_2)^2, q^2 , q^2_1 ) + 2N_C ] + + [ q^2_1w_L ( (q_1 + q_2)^2, q^2 , q^2_1 ) − − (q_1 + q_2)^2w_L ( q^2_1, q^2 , (q_1 + q_2)^2

)](q_1 + q_2)_ρ

(q_1 + q_2)^2 ϵ_{μναβ} q^α_1 q^β_2 +

+ t^{(+)}_{μνρ}(q_1, q_2) [ w^{(+)}_T ( q^2_1, q^2 , (q_1 + q_2)^2 ) − 1 2 w_L ( (q_1 + q_2)^2, q^2, q^2_1 ) + + (q^2 + q_1 · q_2)

q^2_1 w^{(+)}_T ( (q_1 + q_2)^2, q^2 , q^2_1 ) − − ( q_1 · q_2

q^2_1 + 1 ) w^{(−)}_T ( (q_1 + q_2)^2, q^2 , q^2_1 ) ] + + t^{(−)}_{μνρ}(q_1, q_2) [ w^{(−)}_T ( q^2_1, q^2 , (q_1 + q_2)^2 ) + 1 2 w_L ( (q_1 + q_2)^2, q^2, q^2_1 ) − − (q^2_1 + q^2 + q_1 · q_2) q^2_1 w^{(+)}_T ( (q_1 + q_2)^2, q^2 , q^2_1 ) + + q_1 · q_2

q^2_1 w^{(−)}_T ( (q_1 + q_2)^2, q^2 , q^2_1 ) ] + + ~t^{(−)}_{μνρ}(q_1, q_2) [ ~w^{(−)}_T ( q^2_1, q^2 , (q_1 + q_2)^2 ) + ~w^{(−)}_T ( (q_1 + q_2)^2, q^2, q^2_1 ) − − 1 2 w_L ( (q_1 + q_2)^2, q^2 , q^2_1 ) +

– 6 –

+ (q^2_1 + q^2 + q_1 · q_2) q^2_1 w^{(+)}_T ( (q_1 + q_2)^2, q^2, q^2_1 ) − − ( q_1 · q_2 q^2_1 − 1 ) w^{(−)}_T ( (q_1 + q_2)^2, q^2 , q^2_1 ) ]} . (2.18)

Due to the expression (2.17) of w_L ( q^2_1 , q^2, (q_1 + q_2)^2 ) , the two first terms on the righthand side of eq. (2.18) vanish identically. Since the three tensors (2.15) are independent, the property (2.13) implies that the combinations of invariant functions that multiply t^{(+)}_{μνρ}(q_1, q_2), t^{(−)}_{μνρ}(q_1, q_2) and ~t^{(−)}_{μνρ}(q_1, q_2) in the expression (2.18) have to vanish to all orders in perturbation theory. Consequently, the following three non renormalization theorems follow, {[ w^{(+)}_T + w^{(−)}_T ] ( q^2_1, q^2 , (q_1 + q_2)^2 ) − [ w^{(+)}_T + w^{(−)}_T ] ( (q_1 + q_2)^2, q^2 , q^2_1 )} pQCD

= 0 (2.19) {[ ~w^{(−)}_T + w^{(−)}_T ] ( q^2_1, q^2 , (q_1 + q_2)^2 ) + [ ~w^{(−)}_T + w^{(−)}_T ] ( (q_1 + q_2)^2, q^2 , q^2_1 )} pQCD

= 0 (2.20) and {[ w^{(+)}_T + ~w^{(−)}_T ] ( q^2_1, q^2 , (q_1 + q_2)^2 ) + [ w^{(+)}_T + ~w^{(−)}_T ] ( (q_1 + q_2)^2, q^2 , q^2_1 ) } pQCD − −w_L ( (q_1 + q_2)^2, q^2, q^2_1 ) = (2.21) = − { 2(q^2 + q_1 · q_2)

q^2_1 w^{(+)}_T ( (q_1 + q_2)^2, q^2 , q^2_1 ) − 2 q_1 · q_2 q^2_1 w^{(−)}_T ( (q_1 + q_2)^2, q^2, q^2_1 )} pQCD , involving the transverse part of the ⟨V V A⟩ correlator W_{μνρ}(q_1, q_2), and which hold for all values of the momentum transfers q^2_1, q^2 and (q_1 + q_2)^2. Notice that in eq. (2.21) the longitudinal function w_L does not need to carry the subindex “pQCD” due to the nonrenormalization of the anomaly.

The non renormalization theorem obtained in refs. [14, 15] appears as a particular case. Indeed, upon taking q_1 = k ± q, q_2 = −k, and keeping only the terms linear in the momentum k, one readily obtains t^{(+)}_{μνρ}(k ± q, −k) = q^2ϵ_{μνρσ} k^σ − q_μϵ_{νραβ} q^αk^β − q_ρϵ_{μναβ} q^αk^β + O(k^2) t^{(−)}_{μνρ}(k ± q, −k) = O(k^2) ~t^{(−)}_{μνρ}(k ± q, −k) = q^2ϵ_{μνρσ} k^σ − q_μϵ_{νραβ} q^αk^β − q_ρϵ_{μναβ} q^αk^β + O(k^2) . (2.22) Within this same kinematical configuration, the three non renormalization theorems then reduce to one single equality, namely the result of refs. [14, 15]

w_L(Q^2) = 2w_T (Q^2)_{pQCD} , (2.23)

where Q^2 ≡ −q^2 and

w_L(Q^2) = w_L(−Q^2, 0, −Q^2) w_T (Q^2) = w^{(+)}_T (−Q^2, 0, −Q^2) + ~w^{(−)}_T (−Q^2, 0, −Q^2) . (2.24)

– 7 –

Our result (2.13) thus contains and extends the non renormalization theorem of refs. [14, 15] to general values of the momentum transfers. More interestingly perhaps, it identifies the origin and the meaning of these results: they merely follow from the fact that, with an appropriate definition of the chronological product, the ⟨LLR⟩ three point correlator (2.3) is an order parameter of the chiral symmetry group of QCD with three massless flavours. The proof of the particular case (2.23) outlined in ref. [14] relies on arguments of a diagrammatic kind. In appendix A, we show that a proof of (2.13) can also be established along these lines. The proof is based on the same argumentation as that of refs. [6, 9] in the case of the chiral anomaly (see also appendix B).

3. The function w_L(Q^2) − 2w_T (Q^2) in full QCD

Using the general decomposition of ^Ω_{μνρ}(q_1, q_2) in eq. (2.18), we can relate the amplitude w_L(Q^2) − 2w_T (Q^2) to the three point function ^Ω_{μνρ}(q_1, q_2) in the appropriate kinematic configuration where q_1 = k ± q, q_2 = −k, and only the terms linear in k are kept, namely ^Ω_{μνρ}(k ± q, −k) = 1 32π^2 [ w_L(Q^2) − 2w_T (Q^2) ] × × ( q^2ϵ_{μνρσ}k^σ − q_μϵ_{νραβ} q^αk^β − q_ρϵ_{μναβ} q^αk^β ) + O(k^2) . (3.1)

The result of eq. (2.23) is nothing but the statement that ^Ω_{μνρ} vanishes in perturbation theory.^3 Contracting this expression with ϵ^{μνρλ}, we have

lim_{k→0} ∂ ∂k^λ ( ϵ^{μνρλ} ^Ω_{μνρ}(k ± q, −k) ) = 3 8π^2

Q^2 [ w_L(Q^2) − 2w_T (Q^2) ] , (3.2)

or equivalently, using the definition of ^Ω_{μνρ}(q_1, q_2) in eq. (2.6),

Q^2 [ w_L(Q^2) − 2w_T (Q^2) ] = 16π^2 √ 3 ∫ d^4x ∫ d^4y e^{iq·x}(y−x)_λϵ^{μνρλ}⟨0|^T{L^3_μ(x)V^3_ν (y)R^8_ρ(0)}|0⟩ , (3.3) explicitly showing the fact that the function Q^2 [ w_L(Q^2) − 2w_T (Q^2) ] is an order parameter of SχSB at all values of its argument. Obviously, in the chiral limit, perturbation theory produces a vanishing result for the right-hand side of eq. (3.3) to all orders. Furthermore, since the function w_L(Q^2) is exact [21], it follows that w_T (Q^2) cannot receive contributions in pQCD beyond its lowest order value. However, this all-orders result for w_T (Q^2) in perturbation theory cannot go through at the nonperturbative level. Indeed, the low-Q^2 behaviour of w_T (Q^2) is governed by the O(p^6) effective chiral lagrangian in the odd-parity sector. The relevant coupling is the term (see ref. [22] for notations)

L^W_6 = C^W_{22} ϵ_{μναβ} Tr ( u^μ{∇_γ f^{γν}_+ , f^{αβ}_+ } ) + · · · , (3.4)

which fixes w_T (0) in terms of the low-energy constant C^W_{22} as follows

w_T (0) = 128π^2C^W_{22} . (3.5)

3The reader who has found our derivation of eq. (3.1) a bit too formal is referred to appendix B for a less formal version of it.

– 8 –

Unfortunately, there is no model independent information on this constant. Therefore, contrary to the case of the anomalous amplitude w_L(Q^2) which is fixed by the O(p^4) Wess- Zumino term in the effective chiral lagrangian, the transverse amplitude w_T (Q^2) has no pole at Q^2 = 0. This clearly shows that w_T (Q^2) is affected by nonperturbative QCD corrections, in contrast to the case of w_L(Q^2).^4 At large values of Q^2 one can start seeing this different behaviour through the use of the Operator Product Expansion. In this way, both the authors of ref. [17] and [15, 14] agree that w_T (Q^2) receives, as the leading nonperturbative contribution at large Q^2, a term proportional to { w_T (Q^2) } NP ∼ α_s⟨ψψ⟩^2 Q^6F^2_π

. (3.6)

Since the function w_L(Q^2) is exactly given by its perturbative result, i.e. 2N_C /Q^2, eqs. (3.5) and (3.6) break the perturbative degeneracy w_L(Q^2) = 2 w_T (Q^2). Notice as well that w_T (Q^2) can only receive nonperturbative contributions in the Operator Product Expansion coming from operators which are order parameters of spontaneous chiral symmetry breaking. For instance, a contribution from the gluon condensate ⟨G^2⟩/Q^6 is excluded. This operator was wrongly allowed in the analysis of ref. [15], although it was then numerically neglected on the basis of being accompanied by a one-loop suppressed Wilson coefficient.

The main difference between the analysis of ref. [17] and [15, 14] lies in the existence (or not) of a 1/Q^2 contribution to the function w_T (Q^2) at large values of Q^2. The analysis of ref. [15, 14] was based on a separation of virtuality in momentum and found a contribution which goes like w_T (Q^2) = N_C /Q^2 from the region of high virtuality in the perturbative quark loop. In ref. [17], on the other hand, no contribution of O(1/Q^2) was found. The calculation in [17] was based on the fact that w_T (Q^2) satisfies an unsubtracted dispersion relation and that the high-energy contribution to Im w_T from the perturbative QCD continuum vanishes in the chiral limit.^5 Closely related to this point is the interpretation of the anomaly as a subtraction in the corresponding dispersion relation for w_L(Q^2) [3].

As we have discussed after eq. (3.3), there is no doubt that w_T (Q^2) = N_C /Q^2 in perturbation theory. The question is whether this is also true in the exact theory, for large enough values of Q^2. The result of ref. [17] rests on the assumption that the leading large-Q^2 contribution to the function w_T (Q^2) comes from the region of large momentum in its perturbative imaginary part (i.e. from the qq continuum). This assumption is based on the notion of (global) duality between quarks and hadrons [23]; notion which is heavily based on examples such as the process e^+e^− → hadrons.

On the other hand, the analysis of ref. [15, 14] is based on a separation of virtuality in momentum in the perturbative quark loop, assuming that this carries through also at the nonperturbative level. Even though a proof of the Operator Product Expansion is still lacking in QCD, the 1/Q^2 contribution obtained in [15, 14] is difficult to avoid since it originates from the region of infinitely short distances. This is completely unlike the case

4The argument which requires wL(Q^2) to be normalized by an integer [10] also does not apply to wT (Q^2). 5See the appendix D in ref. [17].

– 9 – of e^+e^− → hadrons because this 1/Q^2 behavior, although being perturbative, cannot be associated with any qq continuum in the chiral limit and this explains why the 1/Q^2 was not found in [17]. In the light of this discussion, we are ready to accept the result of [15, 14] at this point, even though we feel that a better understanding of the role played by the qq continuum would be desirable.

We find, however, that the properties of the function w_T (Q^2) are then rather intriguing and in the rest of this note we would like to point out several of the “curiosities” which, we think, may deserve further investigation. Firstly, upon taking the limit q → 0 in (3.3), one obtains

N_C =

8π^2 √ 3 ∫ d^4x ∫ d^4y (y − x)_λϵ^{μνρλ}⟨0|^T{L^3_μ(x)V^3_ν (y)R^8_ρ(0)}|0⟩ , (3.7)

since w_L(Q^2) has a pole at Q^2 = 0 (see eq. (2.17)) but w_T (Q^2) is regular. We find this result quite amazing as it equates the residue of the anomaly — a term which can be computed in perturbation theory — to a Green’s function which measures the spontaneous breakdown of chiral symmetry. It would be very interesting to check this result by nonperturbative methods such as, for instance, lattice gauge theories.

Related to the previous discussion is the fact that all the hadronic QCD sum rules we know which originate in pQCD short-distance properties are of the type ∫_∞ 0 dt ω(t, M^2)ρ(t) ∼ N_C [ 1 + O ( α_s(M^2) π )] , (3.8)

where ρ(t) denotes some generic spectral function and ω(t, M^2) an appropriate weight function, e.g., ω(t, M^2) = exp(−t/M^2) in the so called Laplace or Borel QCD sum rules. In all these sum rules, it is the presence of α_s(M^2) corrections which controls the regime in the euclidean at which we can trust the pQCD calculations. By contrast, the behaviour lim Q^2→∞ w_T (Q^2) = N_C Q^2

, with no α_s(Q^2) corrections , (3.9)

leaves us with no scale to gauge the validity of the asymptotic pQCD behaviour.

In fact, eq. (3.9) implies an exact QCD sum rule of a new type: ∫_∞ 0 dt 1 π Im w_T (t) = N_C , (3.10)

which follows from the fact that w_T (q^2) obeys an unsubtracted dispersion relation. The sum rule (3.10) thus clearly shows a marked difference with respect to, say, the first Weinberg sum rule, ∫_∞ 0 dt 1 π [Im Π_V (t) − Im Π_A(t)] = F^2_π , (3.11)

where both sides receive subleading corrections in the 1/N_C expansion. The striking feature about the sum rule in eq. (3.10) is that the r.h.s. is exact. There are no 1/N_C corrections on the r.h.s., while the l.h.s., which is an integral of hadronic contributions, has certainly subleading terms in the 1/N_C expansion; e.g., those generated by multiparticle states. For these subleading terms, this implies a very curious fine tuning of the various terms on the l.h.s. which have to add up to zero.

– 10 –

There is also and exact QCD sum rule for the w_L(Q^2) amplitude ∫_∞ 0 dt 1 π Im w_L(t) = 2 N_C , (3.12)

which, in the hadronic spectrum, is fulfilled by the Goldstone pole alone:^1_π Im w_L(t) = 2N_C δ(t). Therefore, there is nothing surprising about this sum rule, which just reflects the fact that the anomaly is an exact result. By contrast, the sum rule in eq. (3.10) implies a very subtle fine tuning between an infinite number of couplings and masses of the hadronic spectrum and the anomaly. As we have seen, there is no clear cut argument which would allow one to simply dismiss the presence of the free quark N_C /Q^2 short distance contribution in w_T (Q^2). However, from our experience gained from the study of other QCD Green’s functions, its persistence beyond the perturbative regime leads to rather peculiar properties of w_T (Q^2).

We hope to have presented enough evidence that the combination w_L(Q^2) − 2 w_T (Q^2), i.e. eq. (3.3), is a very interesting object for the study of nonperturbative issues in QCD such as the spontaneous breakdown of chiral symmetry, the Operator Product Expansion and the chiral anomaly. We hope that some of the above observations will help attract further attention on the understanding of its properties.

Acknowledgments

We thank A. Vainshtein for discussions. We also thank A. Manohar, V. Miransky and V. Zakharov for interesting correspondence. This work has been supported in part by TMR, EC-Contract No. HPRN-CT-2002-00311 (EURIDICE). The work of S.P. has also been partially supported by the research projects CICYT-FEDER-FPA2002-00748 and 2001-SGR00188.

A. Perturbative proof of the nonrenormalization theorems

The perturbative expansion of W_{μνρ}(q_1, q_2) is given by

W_{μνρ}(q_1, q_2)|_{pQCD} = (−1)i^4 N_C 2 ∞∑ n=0 (α_s π )_n W^{[n]}_{μνρ}(q_1, q_2) . (A.1)

The lowest order contribution arises from the free quark triangle, and reads

W^{[0]}_{μνρ}(q_1, q_2) = Γ^{[0]}_{μνρ}(q_1, q_2|a) + Γ^{[0]}_{νμρ}(q_2, q_1|b) , (A.2)

with

Γ^{[0]}_{μνρ}(q_1, q_2|a) = ∫ d^4P (2π)^4 tr [ 1 P̸ − q̸_1+ a̸ − m_q γ_μ 1 P̸ + a̸ − m_q γ_ν 1 P̸ + q̸_2+ a̸ − m_q γ_ργ_5 ] . (A.3) In these expressions, the arbitrary four-vectors a_μ and b_μ parametrize the ambiguity in defining the routing of the loop momentum P_μ. This ambiguity reads

Γ^{[0]}_{μνρ}(q_1, q_2|a) = Γ^{[0]}_{μνρ}(q_1, q_2) − 1 8π^2 ϵ_{μνρσ}a^σ , (A.4)

– 11 – where Γ^{[0]}_{μνρ}(q_1, q_2) corresponds to Γ^{[0]}_{μνρ}(q_1, q_2|a) with the choice a_μ = (0, 0, 0, 0). Therefore,

W^{[0]}_{μνρ}(q_1, q_2) = Γ^{[0]}_{μνρ}(q_1, q_2) + Γ^{[0]}_{νμρ}(q_2, q_1) − 1 8π^2 ϵ_{μνρσ}(a − b)^σ (A.5) The difference (a − b)_μ is fixed upon imposing the conservation of the vector current. For m_q = 0, one has

(q_1 + q_2)^ρΓ^{[0]}_{μνρ}(q_1, q_2) = 0

q^μ_1 [ Γ^{[0]}_{μνρ}(q_1, q_2) + Γ^{[0]}_{νμρ}(q_2, q_1) ] = − 1 4π^2 ϵ_{μνρσ}q^μ_1 q^σ_2 q^ν_2 [ Γ^{[0]}_{μνρ}(q_1, q_2) + Γ^{[0]}_{νμρ}(q_2, q_1) ] = − 1 4π^2 ϵ_{μνρσ}q^ν_1 q^σ_2 . (A.6)

Therefore, {q^μ_1 ; q^ν_2 }W^{[0]}_{μνρ}(q_1, q_2) = {0; 0} provided (a−b)_μ = 2(q_1 −q_2)_μ, which, for massless quarks, then leads to

(q_1 + q_2)^ρW^{[0]}_{μνρ}(q_1, q_2) = 1 2π^2 ϵ_{μνρσ}q^ρ_1 q^σ_2 . (A.7)

Staying in the chiral limit, one has, upon shifting the loop momentum

Γ^{[0]}_{μνρ}(q_1, q_2) = Γ^{[0]}_{νρμ}(q_2, −q_1 − q_2|q_2)

= Γ^{[0]}_{νρμ}(q_2, −q_1 − q_2) − 1 8π^2 ϵ_{μνρσ} q^σ_2 . (A.8)

Consequently, W^{[0]}_{μνρ}(q_1, q_2) − W^{[0]}_{ρνμ}(−q_1 − q_2, q_2) = 1 2π^2 ϵ_{μνρσ} q^σ_2 . (A.9)

As far as the higher order contributions W^{[n]}_{μνρ}(q_1, q_2), n ≥ 1, are concerned, they may be written as W^{[n]}_{μνρ}(q_1, q_2) = Γ^{[n]}_{μνρ}(q_1, q_2) + Γ^{[n]}_{νμρ}(q_2, q_1) . (A.10)

The integration over the triangle loop is now well defined, provided all the subgraphs arising from the QCD corrections (for instance quark and gluon self energies) have been properly regularized, i.e. assuming one works in the same conditions which allow to prove the Adler-Bardeen non renormalization theorem for the anomalous part. Then all shifts in the momenta are allowed, and one has

Γ^{[n]}_{μνρ}(q_1, q_2) = Γ^{[n]}_{νρμ}(q_2, −q_1 − q_2) . (A.11)

Therefore, W^{[n]}_{μνρ}(q_1, q_2) − W^{[n]}_{ρνμ}(−q_1 − q_2, q_2) = 0 . (A.12)

Taking (A.9), (A.12), (2.5) and (2.9) leads to

^Ω_{μνρ}|_{pQCD} = 0 . (A.13)

This by itself does not prove, but is certainly compatible with the fact that ^Ω_{μνρ} is an order parameter. However, it suffices to entail the non renormalization theorems discussed before.

– 12 –

B. The function Ω_{μνρ} in the one-family standard model

Let us consider the first family of quarks and leptons in the Standard Model. In this case, the currents appearing in the Green’s function Ω_{μνρ} in eq. (2.3) are the complete ones, i.e. including not only the u, d quarks but also the electron and the neutrino. These currents are made up with the generators of the SU(2)_L × SU(2)_R subgroup of SU(3)_L × SU(3)_R which gets gauged when the electroweak interactions are turned on. Indeed, this is the Green’s function which contributes to physical observables such as the muon g − 2.^6 In the case where q_1 = k ± q, q_2 = −k and k is small, keeping only terms linear in this momentum k and working to lowest order in the electroweak interactions, one finds that Ω_{μνρ}(k ± q, −k) = 1 32π^2 { w^{TOTAL}

L (Q^2) (−q_ρϵ_{μνασ} q^αk^σ − q_μϵ_{νρασ}q^αk^σ) + (B.1)

+ 2w^{TOTAL}

T (Q^2) ( −q^2ϵ_{μνρσ}k^σ + q_μϵ_{νρασ} q^αk^σ + q_ρϵ_{μνασ}q^αk^σ )} . However, in this case the functions w^{TOTAL}_{L,T} (Q^2) contain quarks as well as leptons. Therefore, w^{TOTAL}

L (Q^2) = w^{quarks}_L (Q^2) + w^{leptons}_L (Q^2) = 0 , (B.2)

as a consequence of the anomaly cancellation in the Standard Model. For the function w^{TOTAL}

T one obtains

2w^{TOTAL}

T (Q^2) = 2w^{quarks}_T (Q^2) + 2w^{leptons}_T (Q^2) , (B.3)

but, obviously, w^{leptons}_L (Q^2) = 2w^{leptons}_T (Q^2) to all orders in α_s because leptons do not experience strong interactions. Consequently,

2w^{TOTAL}

T (Q^2) = 2w^{quarks}_T (Q^2) + w^{leptons}_L (Q^2) , (B.4)

and using eq. (B.2), one finally obtains

2w^{TOTAL}

T (Q^2) = 2w^{quarks}_T (Q^2) − w^{quarks}_L (Q^2) , (B.5)

which, together with eq. (B.1), is the result in eq. (3.1) in the text.

References

[1] S.L. Adler, Axial vector vertex in spinor electrodynamics, Phys. Rev. 177 (1969) 2426.

[2] J.S. Bell and R. Jackiw, A PCAC puzzle: π^0 → γγ in the sigma model, Nuovo Cim. A60 (1969) 47.

[3] A.D. Dolgov and V.I. Zakharov, On conservation of the axial current in massless electrodynamics, Nucl. Phys. B 27 (1971) 525;

V.I. Zakharov, Two loop chiral anomaly as an infrared phenomenon, Phys. Rev. D 42 (1990) 1208.

[4] S.B. Treiman, E. Witten, R. Jackiw and B. Zumino, Current algebra and anomalies, World Scientific Pub. Co., Singapore 1985.

6Again, we are neglecting the flavor singlet component of the Z boson.

– 13 –

[5] R.A. Bertlmann, Anomalies in quantum field theories, Clarendon Press, Oxford 1996.

[6] S.L. Adler and W.A. Bardeen, Absence of higher order corrections in the anomalous axial vector divergence equation, Phys. Rev. 182 (1969) 1517;

See also W.A. Bardeen, Regularization of gauge field theories, in Proceedings of the XVI International Conference on High Energy Physics, J.D. Jackson and A. Roberts eds., Batavia, IL (1972), Vol. 2, p. 295.

[7] S.L. Adler, Perturbation theory anoamlies, in Lectures on elementary particles and quantum field theory vol. 1, S. Deser, M. Grisaru and H. Pendleton eds., MIT Press, 1970.

[8] A. Zee, Axial vector anomalies and the scaling property of field theory, Phys. Rev. Lett. 29 (1972) 1198.

[9] J.H. Lowenstein and B. Schroer, Comment on the absence of radiative corrections to the anomaly of the axial-vector current, Phys. Rev. D 7 (1973) 1929.

[10] E. Witten, Global aspects of current algebra, Nucl. Phys. B 223 (1983) 422.

[11] G. ’t Hooft, Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking, in Recent developments in gauge theories, G. ’t Hooft et al. eds., Plenum, New York 1990, reprinted in Dynamical gauge symmetry breaking, a collection of reprints, A. Farhi and R. Jackiw eds., World Scientific, Singapore 1982, and in G. ’t Hooft, Under the spell of the gauge principle, World scientific, Singapore 1994.

[12] Y. Frishman, A. Schwimmer, T. Banks and S. Yankielowicz, The axial anomaly and the bound state spectrum in confining theories, Nucl. Phys. B 177 (1981) 157.

[13] S.R. Coleman and B. Grossman, ’t Hooft’s consistency condition as a consequence of analyticity and unitarity, Nucl. Phys. B 203 (1982) 205.

[14] A. Vainshtein, Perturbative and nonperturbative renormalization of anomalous quark triangles, Phys. Lett. B 569 (2003) 187 [hep-ph/0212231].

[15] A. Czarnecki, W.J. Marciano and A. Vainshtein, Refinements in electroweak contributions to the muon anomalous magnetic moment, Phys. Rev. D 67 (2003) 073006 [hep-ph/0212229].

[16] S. Peris, M. Perrottet and E. de Rafael, Two loop electroweak corrections to the muon g − 2:

a new class of hadronic contributions, Phys. Lett. B 355 (1995) 523 [hep-ph/9505405].

[17] M. Knecht, S. Peris, M. Perrottet and E. De Rafael, Electroweak hadronic contributions to g_μ − 2, J. High Energy Phys. 11 (2002) 003 [hep-ph/0205102].

[18] J. Gasser and H. Leutwyler, Chiral perturbation theory to one loop, Ann. Phys. (NY) 158 (1984) 142.

[19] K. Fujikawa, Path integral measure for gauge invariant fermion theories, Phys. Rev. Lett. 42 (1979) 1195.

[20] K. Fujikawa, Path integral for gauge theories with fermions, Phys. Rev. D 21 (1980) 2848, erratum ibid. D 22 (1980) 1499.

[21] W.A. Bardeen, Anomalous Ward identities in spinor field theories, Phys. Rev. 184 (1969) 1848.

[22] J. Bijnens, L. Girlanda and P. Talavera, The anomalous chiral lagrangian of order p^6, Eur.

Phys. J. C 23 (2002) 539 [hep-ph/0110400].

[23] E.C. Poggio, H.R. Quinn and S. Weinberg, Smearing the quark model, Phys. Rev. D 13 (1976) 1958.

– 14 –